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ABSTRACT 
The author’s mixed-mode partition theories [1-9] for rigid interfaces are extended to non-rigid co-
hesive interfaces for one dimensional (1D) interface fracture. In the absence of crack tip through 
thickness shear forces both classical and shear deformable partition theories have identical mode I and 
II energy release rate (ERR) partitions which are the same as those of shear deformable partitions for a 
mixed mode at rigid interfaces and independent of interface cohesive laws. Consequently, the mode 
mixity remains constant during fracture evolution. In the case of interface fracture in the layered iso-
tropic materials, the pure modes in 2D elasticity partition theory only depend on the ratio between the 
penalty stiffness to the Young’s modulus of the materials and are independent of the shape of the co-
hesive laws. A mixed fracture mode can be readily partitioned by using the pure modes and a constant 
mode mixity is shown. 
1 INTRODUCTION  
Cohesive interfaces are different from the brittle rigid interfaces by allowing non-negligible relative 
interface displacements. They are called non-rigid interfaces in this study. Partition of mixed-fracture 
modes at non-rigid interfaces is usually carried out by using cohesive zone modelling (CZM) in con-
junction with the finite element method (FEM). Various CZMs exist. The present study aims to devel-
op an analytical theory to achieve a more in-depth understanding of cohesive interface fractures. 
2 THEORY 
For hard but non-rigid interfaces [10] the total ERR G for 1D interface fractures in layered compo-
site materials in the absence of crack tip through thickness shear forces is the same as that for rigid 
interfaces. That is, 
    TBBBBBBBB NNMMCNNMMG 21212121  (1) 
It is a quadratic form non-negative definite in terms of the crack tip bending moments per unit width 
BM1 , BM 2  and axial forces per unit width BN1 , BN 2 , with subscripts 1 and 2 denoting the layers above 
and below the crack. 
By using the powerful orthogonal pure-mode partition theory (OPPT) [1-9], the total energy release 
rate (ERR) G  can be partitioned into mode I and II ERR components based on both classical and 
shear deformable partition theories. 
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which are the same as those of shear deformable partitions for a mixed mode at rigid interfaces and 
independent of interface cohesive laws. Consequently, the mode mixity remains constant during frac-
ture evolution. This is due to the absence of any crack tip stress singularity for a non-rigid interface. 
When crack tip through thickness shear forces are in existence, the partitions will be affected by inter-
face cohesive law. Details of the effects can be found in the study [10]. For layered isotropic materials, 
Eqs. (2) and (3) become 
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where BBBe NNN 211   with 12 hh  is the thickness ratio. In the above equations  
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Based on 2D elasticity partition theory, Eqs. (4) and (5) become 
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The subscript NR denotes for non-rigid interfaces. The constants Ic and IIc are 
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The pure mode I  erNR k,1   is found as 
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       210101 log221log21, ercbaercaberNR kkk    (13) 
where Ekker /  is the ratio between the interface penalty stiffness k  and the Young’s modulus E  
and the other parameters are 
         31111     ,    1    ,    43    ,    43   ca  (14) 
)(c  can be determined by using the orthogonality condition, i.e. 
     0001001 Tcc C   (15) 
Or simply, )(c is expressed as 
   )(orthogonal cc    (16) 
)(b  is given as 
     2cab    (17) 
Then NR2 , NR1  and NR2  are determined using the orthogonal condition, that is 
      NRNRerNR k 212 orthogonalorthogonal,    (18) 
      NRNRerNR k 211 orthogonalorthogonal,    (19) 
      NRNRerNR k 212 orthogonalorthogonal,    (20) 
Note that these pure modes only depend on the thickness ration  and the ratio of interface penalty 
stiffness to the Young’s modulus erk . They are independent of the shape of softening part of the cohe-
sive laws. Constant mode mixity is expected in the fracture evolution. Note that the assumed units of 
erk  are 
-1m . When erk  is inside the range from 0.1 to 10, the quartic approximation in Eq. (13) gives 
excellent agreement with FEM simulations. 
3 VALIDATIONS 
This group of numerical tests aimed to validate that the four pure modes, that is the NR1 , NR2 , 
NR1  and NR2  modes given in Eqs. (13) and (18) to (20), are independent of the type of interface con-
stitutive laws. The double cantilever beam is considered to represent a 1D interface fracture. The total 
thickness is mm 521  hhh . Two thickness ratios, 6,212  hh , and five stiffness ratios, 
1.0/  Ekker , 0.5, 1, 5 and 10 were considered. The linear, bi-linear and exponential interface con-
stitutive laws in Abaqus were used. The total fracture ERR was set to be 200 kN/mm, which in the 
cases of the bi-linear and exponential interface constitutive laws, was equally divided between the lin-
ear elastic part and the softening part. The number of finite elements through the thickness of the top 
beam was fixed to 30 with a uniform mesh distribution. The number of evenly distributed elements 
through the thickness of the bottom beam was 17 and 22 for 2  and 6 respectively. That is, the fi-
nite element size was always smaller than 0.2 mm. Table 1 shows the excellent pureness of the pure 
mode pair NR1  and NR1 , while Table 2 shows the excellent pureness of the pure mode pair NR2  and 
NR2 . The labels ‘Li’, ‘Bi’, ‘Ex’ and ‘An’ in Tables 1 and 2 denote the numerical results from the lin-
ear, bi-linear and exponential interface constitutive laws in Abaqus and the results from the analytical 
partition theory for 2D elasticity, respectively. 
The second group of numerical tests aimed to investigate the accuracy of the analytical mixed-
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mode partition theory for 2D elasticity when the interface is described by the bilinear interface consti-
tutive law in Abaqus. The quadratic stress criterion in Abaqus was used to determine the onset of 
damage, as given by Eq. (21). 
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Two values for the mode-independent total fracture ERR were specified: firstly mmkN 1000cG  
and secondly mmkN 4000cG . In both cases, 200 kN/mm of the total fracture ERR was from the 
linear elastic part of the interface constitutive law, and the remaining amount was from the softening 
part. This condition provided the cracking stresses 0n  and 0s  in Eq. (21) as ksn 40000  . Three 
different values for Ekker   were used, which were -1m 1.0erk , -1m 1  and -1m 10 . One bending 
moment 1M  was applied to the upper beam to produce the total fracture ERR. Two methods were 
used to calculate the ERR partition. The first method considers the stresses and relative displacements 
at the crack tip over the loading history, called here, a ‘crack tip analysis’. The second considers the 
stresses and relative displacement ahead of the crack tip over the damaged region, called here, a ‘spa-
tial analysis’. The two methods are expected to give the same partitions of ERR. Note that the first 
group of numerical tests, the crack tip analysis was used to calculate the ERR. This is consistent with 
the theoretical developments in Section 2. 
2   NRMM 112    NRMM 112   
  m1 erk  0.1 0.5 1 5 10  0.1 0.5 1 5 10 
  Nm 1M  11.30 11.05 10.95 10.70 10.60  5.85 6.31 6.45 6.80 7.00 
  Nm 2M  −14.58 −16.11 −16.65 −17.84 −18.55  39.28 8.82 38.50 37.94 37.67 
Li  mmkN IG  199.9 199.5 199.5 199.5 198.9  194.5 196.4 195.4 195.1 195.5 
  % GGI  100 100 100 100 100  100 100 100 100 100 
Bi  mmkN IG  199.7 199.3 199.0 198.0 198.5  193.4 195.9 194.2 194.1 194.7 
  % GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
Ex  mmkN IG  199.7 199.4 199.0 198.2 198.5  193.7 195.6 194.4 194.2 194.2 
  % GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
An  mmkN IG  199.4 199.1 198.7 197.5 198.3  196.5 198.0 197.1 197.1 197.6 
  % GGI  100 100 100 100 100  100 100 100 100 100 
             
6   NRMM 112    NRMM 112   
  m1 erk  0.1 0.5 1 5 10  0.1 0.5 1 5 10 
  Nm 1M  3.45 3.36 3.33 3.20 3.15  0.503 0.875 1.04 1.36 1.50 
  Nm 2M  −6.27 −15.31 −19.26 −27.37 −30.71  83.63 82.43 81.80 79.07 78.37 
Li  mmkN IG  199.1 197.6 199.5 198.4 199.8  195.4 195.2 195.7 194.2 196.2 
  % GGI  100 100 100 100 100  99.6 99.6 99.6 99.6 99.6 
Bi  mmkN IG  198.6 196.5 199.0 198.0 198.9  195.0 194.5 195.4 193.7 195.8 
  % GGI  100 100 100 100 100  99.5 99.5 99.5 99.5 99.5 
Ex  mmkN IG  198.6 196.9 199.1 198.0 199.0  194.9 194.4 195.1 193.6 195.7 
  % GGI  100 100 100 100 100  99.5 99.5 99.5 99.5 99.5 
An  mmkN IG  198.6 196.9 198.7 197.7 198.8  197.5 197.4 198.3 196.5 199.0 
  % GGI  100 100 100 100 100  100 100 100 100 100 
Table 1: Validation of the pureness of the NR1  and NR1  modes being independent of the type of inter-
face constitutive law.  
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2   NRMN 211    NRMN 211   
  m1 erk  0.1 0.5 1 5 10  0.1 0.5 1 5 10 
  Nm 1M  13.10 13.00 13.00 12.90 12.90  9.4 14.5 16.4 20.6 22.9 
  kN 1N  −19.65 −21.64 −22.42 −24.03 −25.01  530.2 521.5 520.6 512.7 508.4 
Li  mmkN IG  198.9 197.2 197.8 196.7 198.0  195.4 195.0 196.9 196.5 196.3 
  % GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
Bi  mmkN IG  198.7 197.1 197.7 196.5 197.8  195.1 195.0 196.4 196.0 196.0 
  % GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
Ex  mmkN IG  198.7 197.1 197.7 196.5 197.7  195.2 194.9 196.5 196.2 196.1 
  % GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
An  mmkN IG  198.7 197.1 197.8 196.6 197.8  196.5 196.0 197.7 197.4 197.5 
  % GGI  100 100 100 100 100  100 100 100 100 100 
             
6   NRMN 211    NRMN 211   
  m1 erk  0.1 0.5 1 5 10  0.1 0.5 1 5 10 
  Nm 1M  3.48 3.44 3.40 3.33 3.29  0.116 0.495 0.655 1.00 1.13 
  kN 1N  −1.706 −4.179 −5.213 −7.459 −8.355  22.80 22.51 22.23 21.66 21.20 
Li  mmkN IG  199.0 198.1 196.9 198.4 198.9  196.4 196.7 195.1 197.0 195.0 
  % GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
Bi  mmkN IG  199.0 198.1 196.8 198.4 198.7  195.7 196.4 194.7 196.4 194.6 
  % GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
Ex  mmkN IG  199.0 198.0 196.8 198.4 198.7  195.7 196.5 194.9 196.5 194.5 
  % GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
An  mmkN IG  198.7 197.9 196.4 198.0 198.5  198.1 198.7 197.5 198.9 196.5 
  % GGI  100 100 100 100 100  100 100 100 100 100 
Table 2: Validation of the pureness of the NR2  and NR2  modes being independent of the type of in-
terface constitutive law. 
  Crack tip analysis  Spatial analysis  Analytical 
 mmkN cG   m1 erk  0.1 1 10  0.1 1 10  0.1 1 10 
1000  mmkN IG  966.7 944.9 900.2  950.9 919.3 864.9  958.7 909.8 850.1 
  mmkN IIG  32.47 54.28 97.26  48.38 79.11 132.4  41.27 90.2 149.9 
  mmkN G  999.1 999.2 997.5  999.2 998.4 997.3  1000 1000 1000 
  %/G IG  96.75 94.57 90.25  95.16 92.08 86.72  95.87 90.98 85.01 
4000  mmkN IG  3928 3872 3748  3830 3733 3561  3835 3639 3401 
  mmkN IIG  70.42 125.8 246.7  167.3 261.1 430.4  165.1 360.8 599.5 
  mmkN G  3999 3998 3994  3997 3995 3992  4000 4000 4000 
  %/G IG  98.24 96.85 93.82  95.82 93.46 89.22  95.87 90.98 85.01 
Table 3: Comparison between the analytical model and FEM simulations for the ERR partition of a 
DCB with a single bending moment 1M  with a bilinear constitutive interface law. 
Table 3 compares the results from the two methods when there is a bilinear interface constitutive 
law. Generally, the results from the spatial analysis agree very well with the analytical partitions and 
are much closer than the crack tip analysis. The analytical partitions work equally well for 
mmkN 1000cG  as for mmkN 4000cG , showing that the size of the damaged region does not 
have a significant effect for the ranges of cG  and erk  examined here. 
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4 CONCLUSIONS 
For non-rigid interfaces both classical and shear deformable partition theories have identical mode 
I and II energy release rate (ERR) partitions which are the same as those of shear deformable parti-
tions for a mixed mode at rigid interfaces and independent of interface cohesive laws in the absence of 
crack tip through thickness shear forces. The mode mixity remains constant during fracture evolution. 
Moreover, in the case of interface fracture in the layered isotropic materials, the pure modes in 2D 
elasticity partition theory only depend on the ratio between the penalty stiffness to the Young’s modu-
lus of the materials and are independent of the shape of the cohesive laws. FEM results show excellent 
agreement with theoretical predictions. Partitions of mixed-mode fracture with bi-linear interface con-
stitutive laws by using the pure modes are accurately obtained. The analytical theory provides valuable 
benchmarks for current CZM and FEM modelling. 
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